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Abstract 

We consider a charged particle, spin ^, with relativistic kinetic energy 
and minimally coupled to the quantized Maxwell field. Since the total 
momentum is conserved, the Hamiltonian admits a fiber decomposition 
as H{P), P G R^. We study the spectrum of H{P). In particular we 
prove that, for non-zero photon mass, the ground state is exactly two-fold 
degenerate and separated by a gap, uniformly in P, from the rest of the 
spectrum. 

1 Introduction and Main Results 

Let us consider a classical point charge, charge e, mass M, position g, velocity g, 
coupled to the Maxwell field with electric field E and magnetic field B. The cou- 
pling to the field is through a rigid charge distribution : — > IR+ normalized 
as j dx ip{x) = 1. Then the equations of motion for the coupled system read, in 
units where c = 1, 

-B = -VAE, -B = V AE- e^{- - q)q, 
V ■ E = e^{- - q), V-5 = 0, 

^(M(l - er'/'q) = e{E * ^(g) + q A {B * ^)(g)) (1) 

with * denoting convolution. The uncoupled system, e = 0, is Lorentz invariant. 
But the choice of the rigid charge distribution singles out a specific reference 
frame and hence makes the model semi-relativistic, only. 

The canonical quantization of ([1]) results in a quantum evolution governed 
by the semi-relativistic Pauli-Fierz hamiltonian. Our goal is to study spectral 
properties of this operator. While the nonrelativistic counterpart has been in- 
vestigated in considerable detail, no spectral results seem to be available for the 
semi-relativistic case. 
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The quantization procedure for ([T]) is described , e.g., in [21]. One writes ([T]) 
in Lagrangian form and Legendre transforms to Hamiltonian structure in using 
the Coulomb gauge. Since our prime example will be an electron (charge — e), we 
want to include spin |. As for the nonrelativistic hamiltonian this amounts to 

replacing (p + eA)^ by (cr ■ (p + eA)Y with a the 3- vector of Pauli spin matrices. 
As a result one obtains the semi-relativistic Pauli-Fierz hamiltonian, which is 
given by 

H = ^^{a- (-iV. + eA{x))Y + + H^. (2) 

We introduced here by hand the factor 7, < 7 < 1. Physically, as discussed 
above, one has 7 = 1. Our units are chosen such that h = 1. Without restriction 
of generality we set e >0. H acts in L^(M^; C^) ® ^, where ^ is the photon Fock 
space 

^= l2(r3 X {1,2})®=". 

A{x) is the quantized vector potential defined through 

where e{k,X),X = 1,2, is the pair of polarization vectors. k/\k\,e{k,l),e{k,2) 
are a dreibein depending measurably on k. For convenience we use the sharp 
ultraviolet cutoff A which corresponds to setting <^(A;) = (27r)~^/^ for \k\ < A and 
(p{k) = otherwise, " denoting Fourier transform. Our results are equally valid 
for a smooth cutoff. a{k, A), a{k, A)* are the annihilation and creation operators 
which satisfy the standard commutation relations 

[a{k, A), a{k', A')*] = 6xx'S{k - k'), [a{k, A), a{k', A')] = = [a{k, A)*, a{k', A')*]. 

H{ is the field energy, 

H{=y2 [ dkuj{k)a{k,\ya{k,\). (3) 

For the Maxwell field the dispersion relation is 

uj{k) = \k\. 

Mathmatically it is convenient to introduce the photon mass through the 
choice 

uj{k) = sjk'^ + ml^. 
Readers will find more precise definitions of A{x) and Hi in the Appendix 1X1 
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Remark 1.1 For a fixed configuration of the vector potential the classical hamil- 
tonian function is 

We picked here the "naive" quantization p ^ — iV^-, q ^ which is fairly 
common in the physics community [2]. Alternatives would be either Weyl or 
magnetic Weyl quantization [T3j. <) 

By translation invariance the total momentum, i.e., the sum of the momentum 
of the charge and the field momentum, is conserved. The generator of translations 
is the total momentum operator Ptot = — iV^ + Pf with 

Pf = V / dkka{k,\ya{k,\). 

It strongly commutes with the hamiltonian H, namely, exp[— ia-Ptot] exp[— itif] = 
exp[—itH] exp[— ia ■ Ptot] for all a G M'^ and t G M. Therefore H admits the direct 
integral decomposition 

UHU* = H{P) dP, (4) 
H{P) = 7v/(P - Pf + eA(0))2 + a ■ P(0) + + Hf (5) 

acting in C^®i5^, P(0) = VAy4(0). The unitary W is defined hjU = JF^ exp[ix-Pf] 
where J^^^ is the Fourier transformation with respect to x. We will provide a 
mathematically rigorous definition of H and H{P) in section [21 Our interest is 
mostly in the low lying spectrum of H{P) in dependence of P. To get started we 
have to ensure the self-adjointness of H and of H{P), see section [2] for details. 

Proposition 1.2 For any 0<7<1,A<cxd and < mph, there exists e* > 
such that, for all e < e^,, H is self-adjoint on dom(| — iV^I) fl dom(i7f). More- 
over H is essentially self- adjoint on any core of the free Hamiltonian Hq = 
7V-A,. + M2 + i7f. 

Proposition 1.3 Choose 'j, \,mp^ arbitrarily as Proposition \l.B . Let e^, be given 
by Proposition li.ijj Then, for all e < and P G M^, H{P) is self-adjoint on 
dom(|Pf|) n dom(/ff). Moreover H{P) is essentially self-adjoint on any core of 
the operator Ho{P) = -f^{P - P^f + + H^. 

Remark 1.4 There are further parts of our proof which will require small e^. 
Therefore we did not attempt to optimize in every step. <^ 

The spectral analysis of the nonrelativistic Pauli-Fierz hamiltonian was initi- 
ated by J. Frohlich in his Ph.D. thesis [3]. Our first main result is the extension 
of his methods to the semi-relativistic case. While the result could be antici- 
pated from [SI Uni EQ] , the actual proof is suprisingly technical, since the minimal 
coupling is under the square root, see section [3l 
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Theorem 1.5 Set A, 7, arbitrarily as in Proposition \1.3[ Choose e as e < . 
Let 

A(P) = m^f^ {E{P ~k)+ uj{k) - E{P)) 

where 

E{P) = inf spec(i/(P)), S(P) = inf ess.spec(i7(P)). 
Then one has 

S(P) -P(P) = A(P) 

for allP e M?. 

A problem of general interest is to derive from ^ the effective dynamics of a 
charge subject to slowly varying external potentials and coupled to the radiation 
field. Very crudely, one considers the subspace of L^(R'^;C^) ® ^ spanned by 
the ground states of H{P) with P G and constructs the effective dynamics 
as an approximate solution to the full dynamics lying close to that subspace. 
In principle this problem can be handled by space-adiabatic perturbation theory 
[ITIES], which as one basic input uses that H{P) has a uniform spectral gap, i.e., 
for aU P G M^ 

inf{spec(iJ(P))\{P(P)}} - E{P) =: Cg(P) > Co > 0. (6) 

This can be achieved by having a maximal velocity which is strictly less than 1, 
which means to choose 7 < 1. This choice amounts to a small modification for 
low energies which is anyhow the domain of validity of our model. 

If TTiph > and 7 < 1 it is easily seen that A(P) > Cq > uniformly. However 
this does not yet establish a spectral gap in the sense of (EI), because beyond the 
ground state there could be other eigenvalues in the interval [-E'(P), S(P)]. In 
the literature there are two methods to count the number of eigenvalues. One 
is through positive commutator, Mourre type estimates and the other uses a 
pull through in order to estimate the overlap between the Fock vacuum and the 
ground state. For sufficiently small P both methods yield the desired result. 
However, a uniform bound on the spectral gap seems to be difficult to achieve 
by such techniques. Therefore we introduce a novel method based on operator 
monotonicity, which we learned from the masterly works of Lieb and Loss fHX WI\ , 
together with the min-max principle. 

Progressed so far, one still has to determine the degeneracy of the ground state. 
For the non-relativistic Pauli-Fierz model this is discussed in [10]. Later on we 
learned a very simple and general argument from M. Loss. We reproduce his result 
and show that it is applicable to the semi-relativistic Pauli-Fierz hamiltonian. 

We summarize our main result in 
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Theorem 1.6 FixO < 7 < 1 andO < . Then there exists e,,, > independent 
of P, such that, for all e < e^, and P G M.^, the following properties hold. 

(i) One has 

S(P) - E{P) > (1 - 7)mph - eci - ^(e^) > 

for all P G M'^, where C\ and O(e^) are independent of P. In particular 
E{P) is an eigenvalue. 

(ii) One has 

inf {spec{H{P))\{E{P)}} - E{P) > (1 - ec2 - i)m^^ - ecg - 0{e^) (7) 
for all P, where 02,03 and O(e^) are independent of P. 

(iii) E{P) is exactly doubly degenerate. 

Remark 1.7 We remark that the lowest energy E{P) and a possible spectral 
gap are also of importance, e.g., in scattering theory. We refer to [6l [TJ [9] for the 
investigation of related models and to [Tj for E{P) when the infrared cutoff is 
removed. (} 

Acknowledgements 

We would like to thank M. Loss for explaining to us how to use Kramers degen- 
eracy in our context. This research is supported by the DFG under the grant 
SP181/24. 

2 Self-adjointness 
2.1 Dirac operators 

As a preliminary, we introduce two Dirac operators which will simplify our study. 
Let us define a Dirac operator D by 

D = a- (-iV^ + eA{x)) + M/3 

living in L'^{M.^; C^) ® ^. This is essentially self-adjoint on C^{M.^; C^) ® dan by 
the Nelson's commutator theorem [TH] with the test operator — A^. + Hf. Here 

^^fi, = Lin{a(/i)* ■ ■ ■ a(/„)*fi, | Ai), . . . , /„(-, A„,) G C^iR^) 

for aU Ai, . . . , A„ G {1, 2} and n G N}, 
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where Lin{- ■ ■ } means the hnear span of the set {■ ■ ■ } and Q is the Fock vacuum 
defined byr2 = 1©0©0©---. We denote the closure of D by the same symbol. 
We note that 

= T + 



\D\ = vtTm^, 

where the self-adjoint operator T is expressed as 

\a-{-iV^ + eA{x))Y 

{a ■i-iV. + eAix)))' 

onCo~(R3;C4)©^^fi„. 

Next let us define the following Dirac operator 

D{P) = a-{P-Pi + eA{0)) + Mf3 



acting in C^®S^. Again this is essentially self-adjoint on C^®5^fin by the Nelson's 
commutator theorem with a test operator P^ + Hf. We denote its closure by the 
same symbol. Then one can easily observe that 



UDU* = D{P) dP, 
D{Pf =T{P) + M^, 



\D{P)\ = ^T{P) + M2, 
where the action of the self-adjoint operator T{P) is concretely given as 

j.^p^^ ^a.{P-P, + eAmf 



a-(P-Pf + eA(0)))^ 



on ® ^fin. 



2.2 Definition of the Hamiltonians 

Our definition of H and H{P) follow: 

H = -i\D\ + H,, 
H{P) = ^\D{P)\ + H,. 

In this paper we ocassionally identify a direct sum operator A® A with A if no 
confusion occurs. Hence the above definitions mean that H ®H = 7|D|+iJf©iff 
and H{P) ® H{P) = -f\D{P)\ + Hf ® Hf. 
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2.3 Proof of Proposition 11.21 

For each <^ e C^{R^] C^) (g) Jsn, one has 

IWDM' = {v.D\) < const ||(i7o + Il)<^ir. 

Since C^(M'^; C^) ®^Jfin is a core of Hq, one concludes that dom(ifo) ^ dom(|D|). 
Also note that, for Dq := a ■ (— iVx) + M/3, one has dom(ifo) ^ dom(|Do|)- Let 
Hi be the interaction term given by 

Hi = \D\-\D^\. 

By the above arguments, dom(i^o) ^ dom(iJi) holds. Using the formula 

, , 1 , 1 

H = - dt^-— ^, 8 

one has 

1^1 - 



ol 

oo 



(9) 

where B{x) = A Observe that 

p,(x)(-i9,)(t+z)o'r(^o+]ini 

< iiA,(x)(-i9,)i - i9,r^/^(i^o + ]i)-i III - i9,r/^(t + DiY'w 

< const t"^/"^ 
for i = 1, 2, 3, and 

\\A{xf{Ho + l)~^\\ < const, 
\\a- B{x){Ho + ly^W < const. 

Combining these with ([9]), one obtains 

dtVtit + M')-i{t-3/^ + (t + M^)-!} 

< 0{e). (10) 

Hence there exists e^, such that ||ifi(i7o + 1)~^|| < 1 for all e < e*. Now we can 
apply the Kato-Rellich theorem [18] to obtain the assertion in Proposition 11.21 
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2.4 Proof of Proposition 11.31 

By (fTOll . one has 

\\H,^l;\\<OiemHo + l)i^\\. (11) 

For each ko E M'^, choose 4' as U^^ = IB^MoI^^^'^Xb^ ^ ® where (/? G ® iJfin, 
is the characteristic function of the set S, B^ i^^ = {A; G M'^ | |A; — A;o| < and 
\Be,ko \ = 4vr£V3- It follows from ([II]) that 

/" dfc||i/i(fc)^||2<0(e2)|S,,fcJ-i /" dfc||(i^o(fc) + l)(^||^ (12) 

where i7i(P) = |D(P)| - |L)o(^)|- Since Hi{P)(p and (i/o(^) + ]!)</' are strongly 
continuous in P, we can take the limit as e | and obtain that 

\\Hi{koM\<0{e)\\{Ho{ko) + lM. 

Since ko is arbitrary and C^^d&n is a core of Ho{P), we have that ||-ffi(P)(ifo(-P) + 
11)~^|| ^ C'(e) for all P. Now we can apply the Kato-Rellich theorem [I8] and 
obtain the assertion in the proposition. □ 



3 Spectral properties 
3.1 Preliminaries 

In this section, we will prove Theorem ll.Si To this end, we need some prelimi- 
naries. 

Let j'l and j2 be two localization functions on so that jf + j| = 1 and ji is 
supported in a ball of radius R. For each vector / = f{k, A) in L^(]R'^ x {1, 2}), 
we define an operator (z = 1, 2) by 

(^,/)(A;,A)=j,(-iV,)/(fc,A). 

Now we define a linear operator ^ ■.L^{M:'^x{1,2})^L'^{R^x{1,2})®L^{R^x 
{1,2}) by 

for each / G L^(M.^ x {1,2}). 

Let U be the natural isometry from ^■(/.^(M^ x {1,2}) © L'^{R^ x {1,2})) 
to 3^ (g) 3^ where ^^(/.^(M^ x {1,2}) © L'^(M.^ x {1,2})) is the Fock space over 
L'^{R^ X {1, 2}) ©L2(R^ X {1, 2}), see AppendixjXl Concrete action of U is given 
by 

f/a(/i©^7i)*...a(/n©^7n)*^^® 

= [a(/i)* ® 11 + 1 © aigi)*] . . . [a(/„)* © 1 + 1 © a{gny]n © n 
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where is the Fock vacuum in d{L'^{^^ x {1,2}) © L'^{M.^ x {1,2})). The 
following operator 

f(^) ■.= UT{^) 

plays an important role in our proof. The importance of r(^) was discovered 
by Derezihski and Gerard [3]. 

In Appendix O we show the following formula. 

Lemma 3.1 (Localization formula) Let 

H^{P) = 7y^{a ■ (P - Pf ® 11 - 11 ® Pf + eA{0) ® 11)} V + Hi^l + 1®H{ 

acting m ® 5" ® 5^. Choose e as e < e*, where e* is given in Proposition \1.3[ . 
Then, for all </? G ® 5fin ® dan, one obtains 

(if (p) - t{^rH^{pn^)w)\ < o{R'mH{p) + im', 

where 0{R^) is a function of R vanishing as R —>■ oo. 
Finally we note the following lemma. 
Lemma 3.2 One has 

H'^{P)>E{P) + A{P){l-Pn), 
where Pq is the orthogonal projection onto C"^ ^ ^ ^Q. 
Proof. Remark the following natural identification, 

C'®i?®^?=y® C2®^?®L2(m3 X {1,2})®=". 

Set = ® ® L2(M3 X {1, 2})®=". Each vector in e =^ can be expressed 
as a (g) 5^-valued symmetric function on (M"^ x {1, 2})^": 

(p = ip{ki, Ai, . . . , kn, A„). 

Under this identification, the action of H^{P) is given by 

{H'^{P)v){k,,Xu...,kn,Xn) 

n n 

= [H(P-Y,k^^ +^u;(/i;i))v?(/i;i,Ai,...,/c„,A„) 

i=l i=l 

for a suitable ip G J^n- Thus, using the triangle inequality uj{ki + k2) < uj{ki) + 
uj{k2), one has 

{p, H^{P)p) = Yl jdk,...dkn {p{k^, Ai, . . . , kn, Xn), 

n n 

{h(^P-Y, +Y,^ik,)^fikl, Ai, . . . , kn, Xn)) 
i=l i=l 

> {^{P) + E{P))M\ 

For n = 0, we have H®{P) \ = H{P). Combining the results, one reaches 
the assertion in the lemma. □ 
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3.2 Proof of Theorem [TS] 
3.2.1 Lower bound of A(P) 

In this subsubsection, we will show the following lower bound. 

Proposition 3.3 Choose e < e*. Then one has that S(P) - E{P) > A(P). 

Proof. For any A G ess. spec (i?(P)), we can find a sequence {v?„}„ such that 
W'^nW = 1, w- lim if = and lim \\{H{P) — A)(^,„|| = 0. For each n G N, one has 

n— >oo n— >oo 
(^n,i/(P)^n) > (^n,f (^ri^^(P)f UK) - 0(P°)||(if(P) + 1)^11^ 

by Lemma 13.11 Thus using Lemma 13.21 one gets 
if (P)<^„) 

> E{P) + A(P) - A(P)||Pnf - 0(P°)||(i/(P) + IWnf. (13) 

First we will show that lim ||Pf7r( =0. Remark that ||Pf7r(^)(y9„|| = 

n— >oo 

l|r(^i)v^n||- With A^f the number operator given by 

iVf = V / dka{k,Xya{k,\), 

we also remark that ((/?„,, A'f </?„,) is uniformly bounded in n because 

Thus ||(]l-XJv(iVf))r(^i)(/;|| < ||(]l-X7v(iVf))^„|| = 0(iV°) holds where 0{N^) 
is a function of A^, independent of n, vanishing as oo. Here XNis) = 1 if 

< s < and x(s) = otherwise, moreover Xivl^f) is defined by the functional 
calculus. On the other hand, XNiNf)(Hf + ]l)~^/^r(^i) is compact for all A^. 
Thus one finds that 

WPnti^Wnf 

< 2||xjv(iVf)r(^i)(/^„f + 2||(]1 - XN{Ni))ip4' 

= 2{xN{Nt){Ht + ]l)-^/2r(^i)Vn,, {Ht + ]l)i/Vn) + 0{N') 

= 2\\xn{n,){h, + ]i)-i/2r(^i)Vn|| ll(i/f + ]i)^/'(i/(P) + ly'^'W 

X ||(if(P) + ]l)l/Vn||+0(iV°). 

First we take the limit n ^ oo. Then, by the compactness of the linear operator 
XNiNi){Hi + ]1)-V2r(^i), the vector XNiNi){H, + l)-^/^V{/^fif^ converges 
to strongly which implies that limsup ||Pnr(^)99„|| < 0{N^). Then taking 

n— >oo 

A^ — > OO, one concludes that lim ||Pnr( /)</)„|| = 0. 

Taking the limit n — ^ oo in both side of (1131) . one finds 

A > E{P) + A(P) - C(P°)(A + If. 

Finally taking P — > oo, one obtains the desired assertion. □ 
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3.2.2 Upper bound of A(P) 

We will complete our proof of Theorem ll.Sl by showing the following upper bound. 

Proposition 3.4 Choose e as e < e^. Then we have that — E{P) < A(P). 

Proof. For notational simplicity we set 7 = 1 in this proof. For each feg ^ IR'^) let 
us define 

fe,ko |-^e,A;ol ^ -^-Be.feQ ' 

B,,ko = {keR^\\k-ko\<e}, 

where xa is the characteristic function of the measurable set A and \A\ means 
the Lebesgue measure of A. Choose a normalized vector (pi, G Ta.nE^{H{P — /cq)) 
with A = [—e + z, z + e], z = E{P — ko) + Lj{kQ),e > 0. Here for a self-adjoint 
operator A, E^{A) stands for the spectral measure of A for the interval A. Let 
axif) = J^3dk f{kya{k,X). We will show that aA(/e,fco) Ve/||aA(/£,fco)>e|| is a 
Weyl sequence for 2; as e | 0. Applying the pull-through formula, one has 

{{H{P)-z)a,{Uk,y^,,ij) 

dkUko{k){{{H{P-k)+u;{k)~z)^„a{k,X)tP) - (5fc,A(P) V„ V^) 



(14) 



for each normalized ■?/; G ® d&ni where 

Sk,xiP) = \D{P - k)\a{k, A) - a{k, \)\D{P)\. 
As to the second term in the right hand side of (fT4|) . observe that 

dkf,,k,mSkAPrve.'4^) 



< f dkUko{k)\\s,,x{pr^e\\m 

< / dkf,,koik)\\Sk,xiPnH{p-k) + ir'\\\\iHiP-k) + i)ip,\\ 

<C [ dkU,,{k)il + \k\)\Foik, \)\{E{P -ko) + l + coiko) + Oi\k - ko\) + e) 

JR3 



by Lemma [D.6I and (l23i) below, where 



F.(fc,A) = e^#£iMLe---. (15) 
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Clearly the right hand side of the above inequality converges to as £ | because 
fe.ko weakly converges to in L^(M^). Next we will estimate the first term in the 
right hand side of dHl). One has 



< 



dk Uko{k){{HiP -k)+ Lu{k) - z)ip,, a{k, 

dk feM{ky\\{Ni + 2f'\H{P -k)+ uj{k) - z)^^ 

1/2 



1/2 



dk\\{Ni + 2)-^/^a{k,\)^ljf 
The term f fT7|) is less than ||^/'P(= 1) because 

dA;||(iVf + 2)"^/2^(A;,A)^||^ < f dA; (a(fc, A)V^, a(A;, A)(iVf + 1)-^) 



(16) 
(17) 



(^,iVf(iVf + a)-V) 



(18) 
(19) 



< 

As to the term (fT6l) we need a lengthy calculation below. Note that, since A^f + 2 < 
m~^H{P — /c) + 2, one has 

\\{N, + 2f'\H{P -k)+ uj{k) - z)^e\\ 

< C\\{H{P -k) + 2f'^{H{P -k)+ uj{k) - z)<f,\\ 

< C\\{H{P - k) + uj{k) - zf/^ifeW 
+ C\2-z + uj{k)\^'^\\{H{P -k)+ uj{k) - z)if,\\. 

Note that 

H{P -k)+uj{k) - z 

= {H{P - ko) + uj{ko) -z) + {H{P -k)- H{P - ko) + uj{k) - u{ko)) . 
Thus one has 

\\{H{P-k)+uj{k) - z)^,\\ 

< \\iH{P - A;o) + uj{ko) - z))ip,\\ + \\{H{P - k) - H{P - k^))^,\\ 
+ \uj{k) - uj{kQ)\ 

< e + \\{\D{P -k)\- \D{P - k^)\)^,\\ + \uj{k) - uj{k^)\. (20) 
We will show that 

\\{\D{P -k)\~ \D{P - k,)\){H{P - ko) + ir'W < 0{\k - ko\). (21) 
To see this, we just note that, by ([H]), 
\D{P-k)\-\D{P-ko)\ 

= - [ dtVt{t + D{P-kfy^\2{-k + ko)-Pi + k^-kl + 2e{-k + ko)-A{0)] 

X {t + b{p-ko)Y'- 
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Hence, by Lemma [D. 3 1 one obtains 

\\{\D{p -k)\- \D{p - hMHiP -k) + ly'W 

- [ dtVir^ \2{-k + ko)-P{ + k^-kl + 2e{-k + ko)-A{0)}{H{ + iy^ 

X \\{Hi + i){t + DiP - k,fr\H{p - ko) + ir'w 



< 



<c(t-i+t-3/2+t-2) by Lemma [D31 
<0{\k-ko\) (22) 

which imphes 

\\{H{P-k)+uj{k) - z)ip,\\ < O{\k-ko\)+e (23) 
by ( 120|) . As a consequence, the term ( |T9|) is estimated as 

m < iO{\k - ko\) + e)\2-z + Lu{k)\^/\ (24) 
To estimate ffTHl) . observe that 

\\{H{P - k) + Uj{k) - zf^^ef 

< \\{H{P - k) + uj{k) - z)^ipe\\ \\{H{P -k) + uj{k) - z)^e\\- (25) 

^ V ' 

<ci(|fc-fco|)+e by ([23]) 

Since \\{H{P - k) + uj{k) - zY{H{P - ko) + 1))"^|| is uniformly bounded for 
k G -Be.fcQ by Lemma [D. 51 we obtain 

^ <0{\k-ko\) + Ce. (26) 

Collecting and fl26l) . we arrive at 

dfc/,,,,(A;)2||(iVf + 1Y/\H{P -k)+ u{k) - z)^£ 



< [ dkU,,{kf{0{\k-ko\)+e) 



This means that 

||(i/(P)-^)a,(4,JV,|| <0(£°). (27) 

Set = ax{fe,ko)*^e/\\axife,ko)*fe\\- (Notc that, by the CCRs, \\axife,ko)*fe\\^ = 
ll/e.fcolPllv^elP + l|aA(/e,fco)v^elP > l') Then one can easily see that weakly 
converges to as £ i and, by (j^Tj), lin^o \\{H{P) - z)'^^\\ = 0. Hence {^J 
is a Weyl sequence. Thus 2; = E{P — ko) + uj{ko) G ess.spec(if(P)). Since ko is 
arbitrary, one has the desired assertion in the proposition. □ 
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4 Degenerate eigenvalues 

4.1 Abstract Kramers' degeneracy theorem 

The following lemma is well-known as the Kramers ' degeneracy theorem which 
plays a central role in this section. 

Lemma 4.1 (Abstract Kramers' degeneracy theorem) Let 'd be an antiunitary 
operator with ■d'^ = —11. (In applications is mostly the time reversal operator.) 
Let H be a self-adjoint operator. Assume that H commutes with d. Then each 
eigenvalue of H is at least doubly degenerate. 

Proof. Let /i be an eigenvalue of H and x be a corresponding eigenvector. Then, 
by the polarization identity, one has (a;, dx) = {■&'dx, "dx) = —{x, dx) which means 
X and dx are orthogonal to each other. On the other hand, dx is an eigenvector 
with eigenvalue /x too. Hence /x is degenerate. □ 

4.2 Reality preserving operators and degenerate eigenval- 
ues 

Recall that the Hamiltonian H{P) is living in ® S^. Each vector <y9 G ® 5^ 
has the following expression: 

ipi= v55"^(/ci,Ai,...,fc„, A„), z = l,2, 

under the identification = d ® d- For each (p E ® ^, set 

jVi = y]*^„<?S"''(^i,Ai,...,/c„, A„), i = l,2. 

We say that a linear operator A on ^ preserves the reality w.r.t. j if A commutes 
with j. 

Since a{k, A) acts by 

a{k, \)ipi = y/riTl(Pi\k, A, ki, Ai, . . . , /c„, A„), 

' 'n>0 

one has ja{k, A) = a{k, X)j and ja{k, A)* = a{k, X)*j which imply 

jPi = PfJ, (28) 

jA{0) = A{0)j, (29) 

jB{0) = -B{0)j, (30) 

jHf = Ha, (31) 

that is, Pf, A{0),iB{0) and Hf preserve the reality w.r.t. j. (Here -B(O) = V A 
A(0).) 
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Proposition 4.2 Let the time reversal operator be given by 

1^ = (T2 J. 

For all P and e, we obtain that 

m{P) = H{P)§. 

Thus, by Lemma \4.1\ each eigenvalue of H{P) is at least doubly degenerate. 



Proof. Since Hf commutes with t? by fl3ip . it sufficies to show that \D{P)\ 
commutes with 'd. Our basic idea is simple. Noting the fact 'dai = —aid for 
i = 1,2,3, we can easily see that commutes with |D(P)p(= (P — Pf + 6^4(0))^ + 
ea ■ B{0) + M^) on C^^ddn by (jZHD-dSOl). As a co nsequence we could expect that 
|P>(P)|(= y/{P - Pf + eA{0)y + ea ■ P(0) + AP) also commutes with i^. 

Unfortunately since we do not know whether the subspace ® d&n is a core 
of D{Py or not, the above arguments are somehow formal. However we can 
rigorize the arguments as follow. To clarify the M dependence, we write D{P) 
as Dm{P) in this proof. Let d = d ® d acting in ® i^. Then we see that 
= -^ai and {3^ = i}/3 which imply ^Dm{P)^^^ = -P'_a/(P) on ® ^^fi,,- 
Since we have already seen that (8) i^fin is a core of Dm{P) in section [^TTl this 
equality holds as an operator equality. Hence, by the functional calculus, one 
has § f [D m{P))'&~^ = f{—D-Ai{P)), where / is real-valued. In the case where 
f{s) = v^, we have /(-Z}„a/(P)) = /(/^a/(P)) because Z^_a/(P)' = 
by the anticommutativity between M/3 and Dm=o{P)- Now one can conclude 
that ■&\Dnf{P)\'d~^ = \Dm{P)\ holds as an operator equality. □ 

4.3 Comments on related models 

The arguments in this section are applicable to other models, e.g., 

Hv = + eA{x)y + ea ■ B{x) + + V{x) + 

with V{x) = V{—x). As regards to ifNR(-P), most of the arguments of section 
14.21 are valid. However, for i?NR,y and Hy, we have to change the definition of j. 
Hv is acting in the Hilbert space L'^{R^; C'^)®^- Each vector v? in L'^(R^; C'^)®^ 
has the form 

iPi= V]^ u:>[''\x;ki,Xi,...,kn,Xn), i = l,2. 
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In this case, we define j as 

' 'n>0 

Then one can check that 

j(-iV,.) = (-iV.)j, 

jA{x) = A{x)j, 
j{iB{x)) = {iB{x))j, 

jV{x) = V{x)j, 

jHf = Ha, 

namely, all these operators preserve the reality w.r.t. this new j. Hence defining 
the time reversal operator as = (T2J, one can see that Hy commutes with 
Thus using the abstract Kramers' degeneracy theorem, one concludes that each 
eigenvalue of Hy is at least doubly degenerate. A similar modification applies to 



5 Energy inequalities 

To make sure that there is no further eigenvalues close to E{P) we will find 
self-adjoint operators L^{P) and L_{P) such that 

L_(P)<iJ(P)<L+(P). (32) 

L^{P), L^{P) are given below. They can be easily diagonalized. The min-max 
principle allows us to obtain bounds as, e.g., 

S(P)-i?(P)>S(L_(P))-E(L+(P)) 

and more precise information, since the spectrum of L±{P) is available, see section 
E] for details. (Here, for a self-adjoint operator T, S(T) = inf ess. spec (T) and 
E{T) = infspec(r). ) 

Proposition 5.1 (Lower bound) For any < 7 < 1,0 < mph and P E M^, one 

has 

H{\P\u) > L^{P) 

with 

L^{P) = -fVP^ + M2 + (1 - 7 - eCi)H{ - eC2 (33) 



for suitable constants Ci,C2 > which are independent of e and P, where u = 
(1,0,0). 



Preprint, 26 May 2008 17 

Proof. STEP 1. Let Hsh{P) be the spinless Hamiltonian. In this step, we will 
show the following operator inequality by developing the method in 

Hsl{\P\u) 



> 7VP2 + M2 + (1 - 7 - eC)Hi - eC (34) 
with a strictly positive constant C independent of e and P. Clearly 

{\P\u - Pf + eA{0))^ > (|P| - Pfi + eA(0)i)l 
Thus by the operator monotonicity of the square root (Lemma IE. ip . one has 



HsLi\P\u) > ^Vi\P\ - Pil + e^(0)i)2 + M2 + Hi. 



Let f{s) = y/s^ + M2, s G M. By Taylor's theorem, one has 

/(|P| + s) = /(|P|) + f{\P\)s + f At (1 - t)n\P\ + ts)s' 

Jo 



with f{s) = s/Vs^ + M2 and /"(s) = /{s"^ + M'^f/'^. Applying the functional 
calculus, we have the following operator equality 

|P| 



V(|P|-Pfi + eA(0)i)2 + M2 = VP' + M2 + -^=i^=(-Pn + eA(O)i) 

+ rdt(l-t)r(|P| + t(-Pn + eA(0)i))(-Pfl + eA(0)i)2. (35) 

^0 

Since the last term in ( !35l ) is a positive operator, one obtains 

v/(|P|-Pfi + eA(0)i)2 + M2 
|P| 



> + Af2 + ^ ' ' (-Pfi + eA(O)i) 

> VP2 + M^-Hi- ||cu"^/2^oi||(^^f + ]1) 

by the standard bounds |Pfi| < i/f and eA(0)i > -\\uj'^/''Foi\\{Hi + H). This 
proves ( IMll . 

STEP 2. We will show that 

±(/7sL(|PW-i^(|PM)< 1^11(1 + u;-^/^)|A^||Fo|||(i^f + Il). (36) 
To this end, we simply note that, by (E]), 
H^^{\P\u)-H{\P\u) 

= / ds Vs - M2(s + (|P|n - Pf + eA(0))^)~^ea ■ 5(0)(s + D{\P\u)')~\ 
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where D{P) = D{P) - M/3. Noting the facts \\ea ■ B{0){Hi + ly^^^W < 6||(1 
u;^^/^)|A;||Fo||| and (1501) in the proof of Lemma [D. 31 one can see that \\{Hsi^(P) 
H{P)){Hi + ly^/^W < 37^11(1 + LO^^/^)\k\\Fo\\\/M . Now ([36]) is obtained. 
STEP 3. (Proof of Proposition O) From (JSl) and (IMD it follows that 

H{\P\u) = Hsl{\P[u) + {H{\P\u) - Hsj.i\P\u)) 
> HsL - eC{H, + t) 



> 7VP2 + ^2 + (1 _ ^ _ eCi)Hi - eCs. 
This proves the desired assertion in the proposition. □ 

Before we proceed, we remark the following. Let 5*0(3) be the rotation group. 
Then there exists a unitary representation vr of 5*0(3) such that 

7r,i7(P)7r;i = H{g-'P) (37) 

for all g G 5*0(3) and P G M.^, see e.g., [21]. Thus E{P) is a radial function in P. 
Since E{P) is rotationally symmetric in P, one has an immediate corollary. 

Corollary 5.2 Choose 7 < 1 and e sufficiently small as e < e^. One has 



E{P) > -fVWTIP - eCi 
for all P G M^, where Ci is independent of e, P. 
Proposition 5.3 (Upper bound) One obtains 

Hi\P\u) < L+(P) 

with 

L+{P) = 7 [d^'l^ - Pf? + miHf + Ik^'/'lFolll) 

+ 4{H, + l)Pi + 11(1 + u;-'/')\Fo\r + 11(1 + u;~'/')\Fo\nH, + 11) 

+ Hi + \\\k\^/^\Fo\f + M''V^\ Hi. (3J 

for all P. 

Proof. Observe that 

D{\P\uy = {\P\u - Pif + 2{\P\u - Pi) ■ eA{0) + e^A{Of + ea ■ B{0) + M\ 
Using the fundamental inequalities in Appendix A, one has 

\P\eA{0)i< \P\{Hi+\\LO~'^^\Fo\\\), 

eA{0) ■ Pf < 2{Hi + 1)P^ + 1||(1 + u;~'/')\Fo\r, 

e'AiOy<\\il + u-'/')\Fo\\\\Hi + l), 
ea-B{0)<Hi + \\\k\'/'\Fo\f. 
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Applying the operator monotonicity of the square root (Lemma lE.ip . one con- 
cludes (ISl. □ 



By the above operator inequality, we immediately obtain 

< l\j\P? + 2|P|||CJ-V2|i7;,||| + 2||(1 +CJ-l/2)|i7o|||2 + |||^|l/2|^p|||2 + ]Vf2, 

where rj^ = (1,0). Thus taking the rotational invariance of E{P) in P into 
consideration, one has a following corollary. 

Corollary 5.4 One has 



E{P) < 7v/(|P| +eC3)2 + M2 + e2C4 (39) 
for all P, where C3 and C4 are independent of P and e. 



6 Proof of Theorem 11.6 



6.1 Proof of Theorem 11.61 (i) 

For a e M*^, Hailed means the standard norm in M''. Then one has, for exam- 
ple, uj{k) = ||(A;,mph)||iR4 = ||(|/c|,mph)||M2. Applying the triangle inequality and 
Corollary 15.21 one gets 

E{P - k) + uj{k) 

> 7||(|P - k\,M)\U2 + ||(|fc|, mph)||R2 - eC 

> 7||(|P - A;|,M)||k2 +7ll(|A;|,mph)||R2 + (1 - 7)||(|A:|,mph)||R2 - eC 
= 7|| (P - /c, M) ||k4 + 7|| {k, mph) ||m4 + (1 - 7) II (k, mph) ||m4 - eC 

> 7II (P, M + mph)||R4 + (1 - 7)mph - eC. 

On the other hand, since ||ti;"^/^|Po| 11^ = C'(e^) etc., one has, by Corollary 15.41 
that 

E{P) < 7||(|P| + eCs, ^/WTO{^)\\u^ 



< 7||(|P| + eC3,M)|U2 + 7||(0, + 0{e^) - M)||, 

<7||(P,M)||K4 + eC3 + 0(e2). 



Thus the desired assertion in the lemma follows. □ 
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6.2 Proof of Theorem 11.61 (ii) and (iii) 

We denote the infinimum of spec(L_(P)) and ess.spec(L_(P)) by £~{P) and 
E_(P) respectively. Clearly one has 

(P) = 7VP2 + M2 - eC, 

S„(P) = 7VP2 + M2 + (1 - 7 - eCi)mph - eCs- 

Let i^+(P) be the function of P which is appearing on the right hand side of (1391) . 
Then using similar arguments as in the proof of Theorem 11.61 (i), one sees that 

Q<S^{P)-8+{P) <C'e + 0{e^) (40) 

with e < e*. (Here it should be noted that is independent of P.) Thus taking 
the fact £-{P) < E{P) < £+{P) into consideration, one has 

Q<E{P)-8_{P)<C'e + 0{e^) (41) 

for e < e*, which means E{P) is close to £-{P) uniformly in P. Also we note 
that 

S_(P) - S^{P) > (1 - eC - 7)mph. (42) 

Let Ei[P) be the first excited eigenvalue of H{P) (or possibly be S(P) if there 
is no such excited state.) Then by the operator inequality ( l33l) and the min-max 
principle [19], one has 

Pi(|P|n) > S_(P). 

(Note that, by Proposition 14. 2^ E{P) is always degenerate.) With the help of 
(1371) . one sees that -E'i(P) is radial and 

Ei(P)>S_(P). (43) 

for all P G M.^. Thus, combining this with (l4Ti) . we arrive at 

Ei(P)-E(P)>s_(P)-£:+(P) 

>S_(P)-^_(P) + (^_(P)-^+(P)) 
> (1 - eCi - 7)mph - C'e - 0{e^) 

for e < e^:. This proves (ii) in the theorem. 

For a self-adjoint operator A, let i?i^(/l) be its spectral measure for the interval 
{—oo,K) and let Ppp{A) be the projection onto the linear space spanned by all 
eigenstates. Since, by Proposition 15.11 one has the operator inequality L_(P) < 
H{\P\u), the following property holds, 

trPpp(i/(|P|n))E2_(P)(i/(|P|n)) < trPpp(L_(P))EE_(p)(L_(P)) = 2 

by the min-max principle. Applying (1371) . one has that 

trPpp(i7(P))E2_(P)(i/(P)) = trPpp(i/(|P|M))Es_(P)(iJ(|P|M)) < 2. 

Thus H[P) has at most two eigenstates with corresponding eigenvalue less than 
E_(P). On the other hand, one already knows that E{P) < S_(P) < Ei{P) for 
e < by (1411) . ( l42i) and ( l43l) . Therefore -E(P) is at most doubly degenerate. □ 
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A Second quantization and basic inequalities 

Let f) be a complex Hilbert space. The Fock space over P) is defined by 

' 'n>0 

where f)®"" means the ra-fold symmetric tensor product of f) with the convention 
p,®sO ^ rjj^g vector = 1 © © ■ ■ ■ G 5^(f)) is called the Fock vacuum. 

We denote by a{f) the annihilation operator on with a test vector / G f), 
its adjoint a{f)*, called the creation operator, is defined by 

«(/)> = E'^.n ^^^^ ®^ ^^"^ 
'n>0 

for a suitable </? = X]n>oV^*'"'' ^ t^(^)- By definition, a(/) is densely defined, 
closed, and antilinear in /. We frequently write to denote either a(/) or 

a{f)*. Creation and annihilation operators satisfy the canonical commutation 
relations 

[a{f),a{gr] = {f,g)^l, [a{f),a{9)] = = [a(/)*, 

on a suitable subspace of where 11 denotes the identity operator. We in- 

troduce a particular subspace of ^(f)) which will be used frequently. Let s be a 
subspace of f). We define 

^fin(s) = Lin{a(/i)* . . . a(/„)*fi, | /i, ...,/„ G s, n G N}, 

where Lin{- ■ ■ } means the linear span of the set {• ■ ■ }. If s is dense in [), so is 
i?fin(s) in ^{i)). 

For a densely defined closable operator c on f), dr(c) : ^{i)) — 5^(f)) is defined 

by 

n 

dr(c) \ dom(c)®=" = ^]l(g,...®c ©■■■®1 (44) 
j=i ^ 

and 

dr(c)fi = 

where dom(c) means the domain of the linear operator c. Here in the j-th sum- 
mand c is at the j-th entry. Clearly dr(c) is closable and we denote its closure 
by the same symbol. As a typical example, the number operator A^f is given by 
Ni = dT{l). 

In the case where f) = L^(]R^ x {1, 2}), the annihilation and creation operator 
can be expressed as the operator valued distributions a{k, A), a{k, A)* by 

«(/)=E / dkJik,X)a{k,X), a(/)*= V / dk /{k, X)a{k, X)* . 
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Let F be a measurable function on and let the multiplication operator as- 
sociated with F be denoted by the same symbol: {Ff){k,\) = F{k)f{k,\) for 
/ G L^(M'^ X {1,2}). Then one can formally express dr(F) as 



(i) \\a{fM<\\uj-'/'f\\\\H;/'v\\. 

(ii) \\aifr^\\<\\ii+uj-'/')f\\m + iy/M- 

(iii) a{f) + a{fr<Hi+\\u;-'/'fr. 

(iv) ||(a(/) + a(/)>|| <2||(l + c.-V2)/||||(iJf + Il)VV||. 

(v) aiff^aig)*'^ < || (1 + co^'/')f\\ || (1 + u-'/')g\\ (iff + 11) . 

B Invariant domains 



Lemma B.l Let A be self-adjoint and H he positive and self-adjoint. Assume 
the following. 

(i) {H + ]l)-Mom(v4) C dom(A). 

(ii) \{Hu,Au) - {Au,Hu)\ < C\\{H + l)uf for all u e dom(A) n dom(f/). 

(iii) [H,A]{H -\- 1)^^ can be extended to a bounded operator. 
Then one has e^*'^dom(i7) = dom(i7) for all t G M. 

Proof. See [H Lemma 2]. □ 

C Localization estimate 

In this appendix, we will establish Lemma 13.11 which is essential for the proof of 
Theorem 11.51 Unfortunately the proof is technically complicated because of the 
square root structure. We repeat the statement which we want to prove. 

Lemma 13.11 Choose e as e < e^. For all G ® S^fin ® S^sn, one obtains 



{H{P) - f{jyH^{P)f{J))^)\ < 0{R')\\{H{P) + tM\ 




For F{k) 



Lj{k), one has the expression oi H{ = dr(u;). 



Lemma A.l One has the following. 



where 0{R^) is a function of R vanishing as R ^ oo. 
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Proof. Let us define a Dirac operator by 

D'^{P) = a ■ {P - Pi ® 1 - 1® Pf + eA{0) O 1) + M/5. 
We also introduce 

D{P) = D{P) - Mp, D'^iP) = D^{P) - M(3. 
Using the formula ([8]), one has 



iD«(p)i = - / dt 



D^{Pf + M^ 



TT A/2 ^t-IvP{t + D®{PY) 
Hence 

1^(^)1 -f(^ri/^^(p)if(^) 

= - dt Vt-M^{t + ^(P)2)-i(d(P)G(P) + G{P)b{P) - G{Pf\ 
X (t + P)®(P)2)-i, 

where 

G(P) = b{P)-D^{P) 
with Z)®(P) = f (^)*Z)®(P)f (^). Remark the following fact 

||G(P)(iVf + Il)-i||<0(P°), 

see, e.g., [HI [IS]- (It should be noted that the positive photon mass is crucial 
here.) By Lemma fC II below, we estimate as 

|(iVf + l)-\t + D(P)2)-i|^(P)G(P) + G(P)D(P) - G(P)'} 

X {t + D^{pfy\Ni + iy^ 

< 2m + ^r\t + b{pfr\Ni + mm + ]i)-'G(p)iiii(iVf + ir'b{p)\\ 

X ||(iVf + l){t + D^{Pfy\Ni + 1)^1 II 
+ IKiVf + l)-\t + biP)'r\Ni + Il)||||(iVf + ]l)-^G(P)f 

X m + ^)it + b'^{pfr\Ni + iy'\\ 

which implies 

(iVf + Il)-Hl^(^)l - f (^)1/^®(P)|f (^))(iVf + ]1)-' < 0(P°). (45) 
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We also note the fact 

\\iNi + l)-\Hi-t{^y{Hi®l + l^Hi)t{^)){Ni + l)-^\\ < OiR^) (46) 

which is proven in [H]. Collecting fH3|) and fHUl) . one sees that \{ip, {H{P) — 
t{/yH^{P)V{/))v)\ < O(i?0)||(iVf + ]l)^||2 holds. 

Finally one has to show ||(A^f + ]1)</?|| < C||(i/(P) + l)<y9||. The positive photon 
mass implies ||(A''f + t)(p\\ < C\\{Hi + ^)^\\- Applying Lemma [0.21 yields the 
desired results ||(A^f + t)^\\ < C\\{H{P) + t)^\\. □ 

Lemma C.l For all t > 0, one has the following. 

(i) \\{N, + t){t + b{pfy\N, + t)-^\\ < dt-' + t-'/^ + t^'). 

(ii) \\{Ni + i){t + D'^ipyy^Ni + ly'W < ^(r^ + r^/^' + r'). 

Proof, (i) The essential idea is taken from [TT]. First we will show that 
e'*^''^Mom(A^f) = dom(A'f). It suffices to check the conditions (i), (ii) and (iii) 
in Lemma Ell Noting [Ni,D{P)] = -a ■ (a(Fo) - a(Fo)*) on ® ^sn, we can 
check all conditions in Lemma IB. II by Lemma lA.ll 
Using the formula 

{D{Py + t)-'= [ d.^7,(.)e-'^^(^) 

JR 

with gt{s) = y^TT/^ e^^l'^l, we have 

\m + l){D{Py + t)-'^\\ < [ ds^,(s)||(Arf + ]l)e-^^(^Vll (47) 

for each normalized if G dom(A'^f). (We already know that e'-^^^^^Lp G dom(A'^f).) 
Set Ji(s) = \\{Ni + l)e-'^^(^Vll and h/2{s) = \\{N{ + iy/^e~''^^^^ip\\. Then one 
has 

±I,{sy = (e--^(^)y,, i[^(P), {N, + l)2]e-'^^(^)y.> 

= (e"'^^(^V, (ea ■ E{N{ + 1) + (iVf + l)ea ■ E)e'^^(^V>, 

where E = ia(Fo) ~ io(-fo)*- Accrodingly using the standard estimate < 
CIKA^f + ]l)i/2<^||, one has 

^/lisf < Ch/2{s)h{s). (48) 
Next we will estimate /i/2(s). Observe that 

^Jidsy = {e-^^^^MDiP),N,]e-^^^^^) 

< e|||E|e-^^^(^Vll 

< c||(iVf + ]i)^/V'^^(^Vll 
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Solving this ineqaulity, we get h/2{s) < C\s\ + /i/2(0). Inserting this result into 
(jlSI) . one has 

his) < hiO) + Cs^ + C\s\h/2i0). 

Combining this with (H7j) . we finally obtain the assertion (i) in the lemma. 

Noting the fact f (^)iVff (^)* = iVf ]1 + 1 (g) iVf , one can apply the similar 
arguments in the proof of (i) to show (ii). □ 

D Auxiliary estimates 

In this appendix, we always choose e as e < e^,. 

Lemma D.l For all P G and e > 0, one has 

\\\D{P)\{Hi + ly^W < |P| + 3 + 3e||cj"^/'Fo||. 

Proof. Noting Lemma [A. II and the fundamental fact |||Pf_j|(iff + ]1)^^|| < 1 for 
i = 1, 2, 3, one observes that 

\\\D{P)\{Hi + ly'W 

= \\D{P){H, + l)-'\\ 

<|p|+ J2 \\\PfMHi + ir'\\ + e J2 \\M0UHi + ly'w 

i=l,2,3 2=1,2,3 

< |P| + 3 + 3e||cu"^/2^o||- 
This proves the assertion. □ 

Lemma D.2 For each n G N, one obtains 

||/7"/'(iJ(P) + ]l)^"/2|| < ^Q^g^^ 

|||D(P)r/2(iJ(P) + ]l)^"/2|| < const, 

where const is independent of P. 

Proof. In the similar way in the proof of [7j, one can show that both 

iy"/'(/7 + ]l)-"/2, |P)|"/2(i7 + ]i)-"/2 (49) 

are bounded. Thus we conclude the assertion by the fact that {H(P) + is 
strongly continuous in P for G ® dan- ^ 

Lemma D.3 For each n G N, we obtain 

II {Hf + int + D{Pf)-\H{Q) + Il)-"|| < const (r^ + t'^'^ + ■■■ + t"""!) 

for every P,Q ^ M^, where const is independent of P and Q. 
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Sketch of proof. By Lemma IA.lt o^i^ can see that e'*^(^)dom(i7f") = dom(i7f). 
Let us write 

i^^/2(s) = ii(i7f+]ir/V'^^(^Vii 

for a normalized (p G dom(iff"') with m < 2n. In the case where m = 1, one has 

= (e-'^^(^)^,i[D(P),i7,]e-'^^(^)^) 

= (e-'^^(^V, i« ■ H^F) - a(cuF)*)e-'^^(^V) 
< CKy,{s) 

by the Schwarz inequahty. Thus ^1/2(5) < Ki/2{0) + C\s\ holds. In the case 
where m = 2, one has, by the similar arguments in the above, 

as 

<{K^/2{0) + C\s\)K,{s) 

which implies Ki{s) < Ki{0) + C{Ki/2{0)\s\ Repeating this procedure, one 

can arrive at 

i^W2(s) < Km/2{0) + C(K(™_1)/2(0)|S| + ■ ■ ■ + Ki/2(0)|sr-l + 

Therefore using the formula 

\\{Ht + ir/\t + D{P)'r'v\\< [ dsgt{s)K^/2{s) 

Jm 

with gt{s) = A/vr/2te~^l'*l, one has , by putting m = 2n, 

\\{Hi + ]l)"(t + D{Pf)-\H{ + ]1)""|| < C{t-^ + r=^/2 + . . . + t-n-i)^ ^50) 
Finally using Lemma ID. 21 one concludes the desired assertion in the lemma. □ 
Lemma D.4 One has 

\\[H{, \DiP)\]{HiQ) + < const (1 + \P\) 

for allP,Q e R\ 

Proof. By Lemma ID. 31 and the following standard formula 

[H,,\D{P)\] = - / dsV7^JP{s + D{Pyr'[HuD{P)']{s + D{Py)-\ 
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one computes 

\m,\D{p)m+ir'\\ 

<_ / dsV7^Jp\\{s + D{Pf)-'\\\\[Hf,D{Pf]{Hi + l)-^\\ 
X \\{Hi + lf{s + D{Pfy\H{Q) + 

POO 

<- ds Vs-M^S-\l + |P|)(S-1 + + . . . + 

= const (1 + \P\). 
This completes the proof. □ 
Lemma D.5 For all P, Q G M^, one has 

\\H{Pf{H{Q) + l)-'\\ 

<{C+\P- Q\f + C(l + \P\ + \Q\ + \P\\Q\){C +\P- Qp) 
Proof. First we will show that 

\\H{P){H{Q) + ir'\\<C+\P-Q\. 
To this end, observe that 
\\H{P){H{Q) + ir^ 

< \\\D{P)\iHiQ) + ]1)-1 + ||i/f(i/(Q) + Il)-1 

< \\D{Q){H{Q) + ]1)-1 + \\a ■ (P - Q)iH{Q) + ll)-^ + ||//f(//(g) + 11) 
<C+\P-Q\ 

by Lemma [D .21 Write 

H{P)\H{Q) + ]1)"2 

= {H{P){H{Q) + Il)-i}2 + H{P)[H{P), {H{Q) + t)-\H{Q) + 1)-' 
= {H{P){H{Q) + 1)-'}' + H{P){H{Q) + ir'[H{Q), H{P)]{H{Q) + 1) 

Hence 

\\HiPnHiQ) + l)-^ 

<(C+\P-Q\f + {C+\P- Q\)\\[H{Q), H{P)]{H{Q) + ir\ 
Accordingly what we have to show next is to estimate the operator norm 

\\[H{Q),H{P)]{H{P) + ir% 
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Observe that 



[H{Q),H{P)]{H{Q) + 1)-' 

[\D{p)i\Dm]iH{Q) + ir 
+ [H,,\D{pmH{Q) + ir' 

+ [\D{P)\,H,]iHiQ) + ir' 



-2 



(51) 
(52) 
(53) 



Norm of (1521) and (1531) can be estimated by Lemma [D.4[ As to (1511) . note that 



mp)\\D{QM\ 

< |||D(o)||D(g)|(^|| + |P||||z}(g)|(/.|| 

<C{\\{H, + l)\D{QM\ + \P\\mQ)M) 

< C{\\\D{Q)\{H, + %!! + \m, \D{Q)M + (1 + |Q|)|P|||(i/f + Il)v^||) 

< c((i + \Q\)\m + + miQ) + ]i)vii + (1 + \Q\)\p\m, + 

<c(i + |p| + |g| + |p||g|)||(iJ(g) + ]i)Vl|. 



In the above we have used Lemma [D.4I from the hne three to the next, and from 
the hne four to the final hne, we have used Lemma ID.ll CoUecting the results, 
one obtains the assertion in the lemma. □ 

Lemma D.6 Let 



Proof. We will show that \\{H{P - /c) + ]l)"^5fc,A|| < C{1 + \k\)\Fo{k, A)|. Let 



Sk^iP) = \D{P - kMk, A) - a{k, X)\D{P)\. 



Then one has 




^■V^-^f[|D|,a(A;,A)]e 



Then one has 



for all (A;, A) e x {1,2}. Hence it suffices to show that 

\\{H, + iy'[\D - a ■ k\,a{k, A)]|| < C{1 + |A;|)|Po(A;, A)| 
where = \D — a ■ k\ + H{, because 




(54) 



= e^^-^f(i/fc + ]l)-V'^-^'5fc,A 

= e^^-^f(i/fc + ]l)-V'^-f'fe''=-V^-^f[|P'|,a(A;, A)]e-^^ 



= e^"-^f(i/fc + 1)-^[\D - a ■ k\,a{k, A)]e''=-"e-'"-f'f . 



Preprint, 26 May 2008 



29 



To this end, we remark that, with D = D — M/3, 
[\D - a - k\,a{k,X)] 

= - / dsVs-M^s + {D-a- kf)~\iD - a ■ kf, a{k, A)] 
Jap 



X 



{s + {D-a- kf) 



1 r'^ ( 

— / ds - M2 (s + - a ■ kfY^l {D-a- k)ea ■ F^{k, A) 
Jap ^ 

+ ea ■ F^{k, \){D - a ■ k)] {s + {D - a ■ kf)"^. (55) 



Assume, for a while, that 

\\{Hk + t)[s + {b-a- kfy\Hk + < C{s-^ + + ^-2)^ ^5g) 

We note the following two estimates: 

\\{Hu + t)-\D-a-k)a-F.,{kA)\\ 
= \\{H + tr^ba-F,{k,\)\\ 

<C|Fo(A;,A)| (57) 

and 



\\{Hu + ir'a-F^{k,X){D-a 
= \\{H+l)-'a-Fo{k,X){£) + a 
< \Fo{k,X)\\\iH + l)-'b\\ + \k\\Fo{k,\)\\\{H + l)-'\\ 
<C{l + \k\)\Foik,\)\. (58) 

because b{H+iy^ is bounded and e^^^'^^Hk = -f/'e"''''^, e~''''^{b—a-k) = i)e~'^'^. 
Collecting ([551), (JM]), (EZj) and (I58|), one has 

\\[\D-a-kla{k,\)]{Hk + l)-'\\ 

< - / ds Vs-M^s-^C{1 + |A;|)|Fo(A;, A)|(s-^ + s-^^^ + s'^) 
= C(l + |A;|)|Fo(A;,A)|. 

This is what we want to show. 

Finally we will prove Basic strategy is similar to the proof of Lemma 

ra Let J„/2(s) = \\{Hk + ]l)"/2e-'^(^-"-'=Vll, n = 1,2 for e dom{Hk) with 
llv^ll = 1. Then, since [D — a ■ k, Hk] = [D, Hf] = a ■ {a{ujFx) — a{ujFx)*), one can 
easily modify the proof of Lemma ID.3I to conclude that 

Ji{s) < Ji(0) + C(Ji/2(0)|s| + s'), Jy2{s) < Jl/2(0) + C\s\. 



Preprint, 26 May 2008 



30 



Thus, using the formula 

Jr 

with gt{s) = 11/21 e^^l'^l and modifying the proof of Lemma TD. 31 one can arrive 
at (EE]). □ 

E Operator monotonicity of the square root 

Lemma E.l (Operator monotonicity of the square root: Unbounded version) 
Let S and T be two positive self-adjoint operators (not necessarily bounded) with 
dom(5'"^/^) 3 dom(T-'^/^). Assume that S < T. Then one has dom(5'^/^) 3 
dom(Ti/^) and ^/S <Vf. 

Proof. Set En = Es{[0,n]) where Es{-) is the spectral measure of S. Define 
Sn = En'^SEn'^. Then one has S* > S'„ > for all ra G N. Thus Sn <T holds for 
all n G N. Now one has 

{eT + ly^SnieT + ll)"^ < {eT + iy^T{eT + ll)"^ (59) 

for every e > 0. Since both sides of ( l59|) are positive and bounded, one can apply 
the operator monotonicity of the square root for bounded positive operators [T6] 
and obtain 

^yieT + ly^SnieT + l)-i < ^/{eT + iy^T{eT + l)-i 

for all e > 0. Taking e I first, we have y/S^ < y/T for each n E N. It follows 
that, for / G dom(T^/^), one has 

/•n 

/ X'/M\\Es{X)fr<{f,VTf) 
Jo 

by the spectral theorem. Now taking n — 00, we conclude that / G dom(S'^/^) 
and (/, y/Sf) < (/, VTf) by the monotone convergence theorem. □ 
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